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Definition 1. A measurement scenario is a triple �= hX;M; Oi where:

� X is a finite set of observables;

� M�P(X) is a set of contexts, where each context C 2M represents a maximally com-
patible observables (or measurements that can be performed together);

� O is a finite set of outcomes.

Definition 2. A measurement cover M of a set X is a set of contexts s.t.:

� (cover)
S
C2MC =X;

� (anti-chain) if C;C 02M and C �C 0 then C =C 0.

Example. (Bell scenario)

X = fa1; a2; b1; b2g
M = ffa1; b1g; fa1; b2g; fa2; b1g; fa2; b2gg
O = f0; 1g
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Definition 3. An event (assignment, section) over U �X given a set of observables X and a
set of outcomes O is a function s:U!O.

Definition 4. An event sheaf given a set of observable X and a set of outcomes O is a functor
E :P(X)op!Set where:

� 8U �X; E(U) :=
Q

x2UO;

� 8U ; U 0�X and U �U 0, a restriction map resU
U 0: E(U 0)!E(U) of events is defined by

functional restriction resU
U 0(s)= sjU.

Remark. Set denotes the category of sets of events (maps like s:U!O) and restricted maps.

P(X) denotes power set category of X whose objects are subsets of X and morphisms are
inclusion maps (i.e. for U �U 0, i:U ,!U 0).

P(X)op denotes the opposite category whose morphisms are projection maps instead of inclusion
maps (i.e. for U �U 0, �:U 0!U).

A projection map �:U 0!U is mapped to a restriction map resUU
0
: E(U 0)!E(U) by the event

sheaf functor E .
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Example. (Bell scenario)
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Suppose N logical propositions '1; : : : ; 'N. Each 'i can be assigned a probability pi.

Boolean variables appear in 'i correspond to empirically testable quantities (observables). Each
'i expresses a condition on the outcomes of an experiment involving these quantities. The
probability pi are obtained from the statistics of experiments.

Let � :=
V
i'i and P =Prob(�):

1¡P = Prob(:�)

= Prob
�_

i

:'i
�

6
X
i

Prob(:'i)

= N ¡
X
i

piX
i

pi 6 N ¡ 1+P

If 'i are carefully selected so that � is unsatisfiable (i.e. P =0), we have:X
i

pi6N ¡ 1
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Example. (Bell test)

(A;B) (0; 0) (1; 0) (0; 1) (1; 1)
(a1; b1) 1/2 0 0 1/2
(a1; b2) 3/8 1/8 1/8 3/8
(a2; b1) 3/8 1/8 1/8 3/8
(a2; b2) 1/8 3/8 3/8 1/8

Table 1. Bell test, Alice and Bob

Pick 4 conditions s.t. � :=
V
i'i is unsatisfiable:

'1 = (a1^ b1)_ (:a1^:b1) = a1$ b1

'2 = (a1^ b2)_ (:a1^:b2) = a1$ b2

'3 = (a2^ b1)_ (:a2^:b1) = a2$ b1

'4 = (:a2^ b2)_ (a2^:b2) = a2� b2

We have p1=1 and pi=6/8 for i=2; 3; 4.
P

i pi= 3.25 while N ¡ 1=3. Violation!
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(0; 0) (0; 1) (1; 0) (1; 1)
(a1; b1) 1 0 0 1
(a1; b2) 1 0 0 1
(a2; b1) 1 0 0 1
(a2; b2) 0 1 1 0

Table 2. PR-box support

Figure 1. PR-box as bundles

(from Andrej Bauer on HoTT)

A global assignment sg:X!O corresponds to
a closed path traversing all the fibers exactly
once. Such a path is called univocal since it
assigns a unique value to each variable.



Hierarchy of Strength of Contextuality 8/14

Figure 2. Bell test Figure 3. Hardy Paradox Figure 4. PR-box

Probability (Bell)<Possibility (Hardy)<Strong (PR;GHZ;KS)

� Probability: simple violation of (logical) Bell inequality.

� Possibility: at least one local section s cannot be reduced to projection of some sg.

� Strong: there is no (consistent) global section sg at all.
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How does state-independent contextuality argument like Kochen-Specker Theorem fit into �stan-
dard model� of quantum computing (Qubit, Bloch Sphere, Pauli XYZ basis, circuits)?

� a strange question: what is the difference between quantum state and observables?

� in �standard model� the notion of observables is hidden (in background of the whole story,
Pauli XYZ), only quantum states are staged onto the �interface level�.
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�Base space� graphs of observables:

Observables can �inhere� contextuality independent of any quantum states.
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